Many-body entanglement is often created through system evolution, aided by non-linear interactions between the constituting particles. The very dynamics, however, can also lead to fluctuations and degradation of the entanglement if the interactions cannot be controlled. Here, we demonstrate neardeterministic generation of an entangled twin-Fock condensate of ∼ 11000 atoms by driving a 87 Rb Bose-Einstein condensate undergoing spin mixing through two consecutive quantum phase transitions (QPTs). We directly observe number squeezing of 10.7 ± 0.6 dB and normalized collective spin length of 0.99 ± 0.01. Together, these observations allow us to infer an entanglementenhanced phase sensitivity of ∼ 6 dB beyond the standard quantum limit and an entanglement breadth of ∼ 910 atoms. Our work highlights the power of generating large-scale useful entanglement by taking advantage of the differ-1
erated through spin-twisting (1-4) and spin-mixing dynamics (5-7) in condensates, and through quantum non-demolition (QND) measurements (8) (9) (10) (11) (12) in cold thermal gases. These entangled states are created through dynamic evolution under nonlinear interactions or QND. They are invariably not the steady state of the system at any time and sensitively depend on control and system parameters.
A many-body system can exhibit several quantum phases with different entanglement structures (13, 14) . Tuning the relative strength of competing interactions can induce quantum phase transition (QPT) (15) and provides a complementary approach for generating entangled state (15, 16) . Here, we demonstrate the power of generating metrologically-useful entanglement by driving a Bose-Einstein condensate (BEC) through QPTs.
Our focus is a BEC of N atoms in a twin-Fock state (TFS), i.e., a fragmented condensate with half of the atoms (N/2) each in two orthogonal modes. This system is deeply entangled (17) (18) (19) (20) and enables precision metrology reaching the Heisenberg limit (21) . Ensembles of TFS have been generated in a number of pioneering experiments (5-7) relying on passive spin-mixing dynamics in atomic BEC (22, 23) . Although capable of demonstrating squeezed quantum fluctuations, TFS samples generated this way exhibit large fluctuations in N. In this work, we generate TFS condensate in a nearly deterministic fashion by driving a 87 Rb spinor condensate undergoing spin mixing through two consecutive QPTs. Subsequent theoretical considerations reveal that this process is surprisingly robust against system excitations because it is protected by the structure of the system's low-lying eigenstates across the QPTs.
The initial state for our system is a pure 87 Rb condensate in the m F = 0 spin component of the F = 1 ground hyperfine manifold. Its evolution is governed by the following Hamiltonian (24) (setting = 1):
under the assumption of the same spatial profile for all three spin components (24) . The symbolŝ
) andN m F denote the annihilation (creation) and the number operators for atoms in the m F spin component, respectively. The first term in the square bracket describes spin-exchange collisions, through which correlated atoms in the m F = ±1 components are created from the m F = 0 atoms and vice versa. This spin-mixing process occurs at a rate of |c 2 | which is typically a few Hz for F = 1 87 Rb condensates (c 2 < 0). The last term −qN 0 represents an additional interaction with which the evolution of our system can be manipulated. Here, by the competition between the c 2 and q terms and can take three distinct phases (Fig. 1A ).
For q ≫ 2|c 2 |, the ground state is polar (P phase) with all atoms condensed in the m F = 0 component (25); for q ≪ −2|c 2 |, the ground state becomes a TFS (TF phase) with the atoms equally partitioned into the m F = ±1 components. The middle region bordered by the two QPT points at q = ±2|c 2 | corresponds to the broken-axisymmetry (BA) phase whose ground state acquires a transverse magnetization, spontaneously breaking the SO(2) symmetry of the system (25, 26) . At the QPT points, the energy gap between the ground state and the first excited state (black solid line in Fig. 1A ) becomes smallest, scaling as 7.4N
The key idea behind our work is to ramp q down all the way from q > 2|c 2 | (P) to q < −2|c 2 | 3 (TF) across both QPT points. If the ramp were adiabatic, the condensate would stay in the instantaneous ground state. All N t atoms initially in the m F = 0 component would be completely converted into the m F = ±1 components, giving rise to a TFS with N t /2 atoms each in m F = ±1 (Fig. 1A) . Because the lifetime of our condensate is typically about 30 s, achieving true adiabaticity without significant atom loss is difficult. Nevertheless, our simulations show that it is still possible to generate TFS samples possessing useful entanglement within the parameter regime implementable in our setup. As a result of small atom loss, the sample generated by our protocol is a mixture of Dicke states with almost balanced populations in the two modes and has properties very similar to those of a TFS.
Our experiments start with 87 Rb condensates of N t ∼ 11800 ± 200 prepared in the m F = 0 component with no discernable thermal atoms at a magnetic field of 0.815 G. After ramping q from 3|c 2 | to −3|c 2 | linearly in 3 s, by tuning the power of the dressing microwave 19-MHz blue detuned from the F = 1 to F = 2 hyperfine transition (27), the initial condensate is observed to evolve in an almost deterministic fashion into a TFS sample with a negligible final number of m F = 0 atoms (Fig. 1B) . To better quantify the evolution process, we define a conversion Figure 1C shows the behavior of p c at various instants during the q-ramp. During the first 500 ms of the ramp when q ≥ 2|c 2 |, we do not observe any atoms in the m F = ±1 components. At around 700 ms, i.e., 200 ms after passing the first QPT point, p c starts to grow oscillatorily and reaches (96 ± 2)% in the end.
The 200-ms delay is understood to be caused by the system's inability to follow the external drive because of longer system relaxation times near the first QPT point, a manifestation of the Kibble-Zurek dynamics (28) . Modeling the evolution dynamics of Hamiltonian in Eq. 1 and taking into account the measured atom loss rate (27), we reproduce the observed conversion efficiency to excellent agreement without any fitting parameters. In Fig. 2A) and the standard deviation ∆p c,n (Fig. 2B) . The most notable feature of the p c,n and the ∆p c,n spectra is a Λ-like structure which reflects the smallest gap positions between the nearest neighbour excited states, and to which the evolution of the system wavefunction |Ψ(t) is intimately connected. The black solid lines mark the highest excitation n max , nmax n=0 | ψ n (t)|Ψ(t) | 2 ≥ 0.99, created over the 3-s q-ramp. The simulated excitation spectra | ψ n (t)|Ψ(t) | 2 are shown in Fig. 2C . Right after crossing the first QPT point, the system is excited rather appreciably over the lowest ∼ 200 excited states along the canyon to the left of the Λ-structure with almost negligible spread in its excited states. Subsequently, the excited spectrum spreads out and undergoes oscillations in sync with the average p c (Fig. 1C) . Upon crossing the ridge to the right of the Λ-structure ( Fig. 2A) , the structure of the excitation spectra changes fundamentally. Overall, the ramp adopted in our experiment creates excitations up to the lowest 14% of the full energy spectrum, yet it still achieves a p c of (96 ± 2)% and thereby a large entanglement. This is because the low-lying excited states in the TF phase concentrate narrowly in the high-N Hilbert space, as is shown in Figs. 2A and 2B , by the near unityp c,n and the small ∆p c,n for these states when q ≤ −2|c 2 |.
To compare our results with those of previous experiments based on passive spin-mixing dynamics (5-7, 29), which exclusively work in the BA regime (|q| ≤ 2|c 2 |), we jump to and then stay at q = 0.3|c 2 | right after preparing m F = 0 condensates (at q = 2.2|c 2 |), and measure p c 500 ms afterwards. This waiting allows the average p c to evolve to the maximum, a typical criterion adopted in the earlier experiments (5-7, 29). Figure 3 contrasts the results of p c obtained using our 'ramped-q' method and the usual 'fixed-q' method (time dependences of the ramps are plotted in the inset). The former approach results in a p c = (96 ± 2)% while the latter gives a broad and, roughly speaking, evenly distributed p c from 6% to 88%. This broad distribution results from the sudden jump over the first QPT point from the initial P phase (5) (6) (7) 29) . This jump populates the excited eigenstates of Hamiltonian in Eq. 1 at the final q, which are concentrated within the red dashed line shown in Fig. 2B along the left canyon of the Λ-structure.
For fixed q, the system remains stationary in the corresponding eigenstates (as highlighted by the open circles in Figs. 2A and 2B, for our current example). Despite the small spread in the eigen-energy basis, the large ∆p c,n of the high-lying excited states in the BA phase (Fig. 2B) explains the broad p c distribution observed in the 'fixed-q' approach.
Below, we characterize the qualities of the TFS samples generated using our approach. To prepare TFS samples with smaller atom loss and thus larger quantum-noise squeezing, we adopt a non-linear 1.5-s ramp of q from 2.2|c 2 | to −2.2|c 2 | to obtain the results in Fig. 3 and hereafter (see inset of Fig. 3 ). The asymmetrical ramp is simulation motivated and experimentally optimized with the aims of minimizing atom loss in the m F = ±1 components while maintaining a sufficiently small spread in p c . With it, we reduce the m F = ±1 atom loss from about 5% during the 3-s linear ramp to about 2%.
As illustrated by the inset of Fig. 4A , an ideal TFS is represented by a ring along the equator of the generalized Bloch sphere with vanishing width ∆J z and a radius J eff = J 2
, where J i is the i-th component of the collective spin J (1). Figure 4A shows the distribution of measured J z = (N +1 − N −1 )/2 for the TFS samples we generate (in blue histogram bars), based on all 426 data sets from a continuous experiment run over more than 5 hours. Instead of a singular peak with unit probability at J z = 0, the measured distribution has a finite ∆J z , which gives a number squeezing of ξ 2 = Together, the directly measured number squeezing and the normalized spin length allow us to infer an entanglement-enhanced phase sensitivity of about 6 dB beyond the standard quantum limit (27). Further improvements can come from enhanced atom detection schemes with increased number resolution, or from novel nonlinear detection schemes that can amplify signal strength (31). A state below a boundary labeled with number k contains at least a subgroup of non-separable k-particle quantum state. The red ellipse represents uncertainties of the measurements at 68% statistical confidence interval. 16
